In an earlier paper, the field theoretic bound state problem in l+l dimension was mapped to the problem of diagonalizing a strictly finite dimensional Hamiltonian matrix by quantizing at equal light cone time. In this paper, we calculate the invariant mass spectrum for the Yukawa theory &$.
Introduction
Consider a Fermi field coupled to a Bose field by the trilinear form X$&J ,
In one time and one space dimension, one has 3 constants of motion: the total energy E, the total momentum P, and the total charge Q. Here E and P are components of a Lorentz vector, whose contraction is the invariant mass squared M2 = E2 -P2. Upon quantization at equal time, E, P, Q and M2 become operators which commute mutually. Their simultaneous diagonalization is equivalent to solving the equations of motion for the operator fields, i.e. the Klein-Gordon and the Dirac equations. Brooks and Frautschi['l have studied this problem numerically in the "number" or Fock space representation. The number of Fock states with the same P and the same Q has no upper limit, the dimension of the Hamiltonian matrix is therefore unlimited as well. By introducing an artificial length L and a momentum cut-off A, the matrix can be made finite, though large, and can be diagonalized numerically. One must then be able to show that physically relevant results do not depend on either L or A.
Because of the difficulty of the numerical work this has not been done in practice.
The same problem can be treated in a different way"' by quantizing the fields at equal light cone time r = t + x. Again one has 3 constants of motion, but they appear as the total light cone energy P-= E-P, the total light cone momentum P+ = E+P, and the charge Q. The operators P-and P+ are again components of a Lorentz vector, whose contraction is the invariant M2 = P'P-. Since Q, P* commute mutually, they can be diagonalized simultaneously. can have the same (light cone) momentum and the same charge, and therefore the mass matrix has a finite dimension to begin with. All this was discussed at length in paper 1"' , as well as the fact that the operator M2 = P+P-is strictly independent of the box size L.
The present work has three objectives. (1) W e d emonstrate, that the physical results, the mass spectra and the eigenstates, become independent of the cut-off A in the limit ; --+ 0. This is discussed in sections 3 and 4. (2) We show that the discretized light-cone quantization method as developed in the earlier paper I21 is feasible, and that no difficulties arise obtaining numerical solutions for the bound state spectrum and the bound state wavefunctions. In some cases we
give exact analytical solutions (see section 3). In the same section, we discuss the question of renormalization.
In order not to overload the paper with numerics, we restrict ourselves to the charge 0 and charge 1 sectors. In section 6, we summarize the main results, and discuss discretized light-cone quantization, in particular to which extent the case of scalars in l+l dimensions might be useful for developing methods suitable for the more interesting fields in 3+1 dimensions.
The Model and the Notation.
The Lagrangian density specifies the physics of a fermion field II, interacting with a boson field cp. In one space and one time dimension, the canonical procedure generates three constants of the motion. In light cone notation ['I , they are the total (light cone) momentum P+, the total (light cone) energy P-, and the total charge Q. If one expands the fields into plane waves, and requires them to be periodic operator functions on the 4 for fermions and bosons, respectively. The spinor u is independent of n. One should note the introduction of two additional and formal parameters, i.e. the bos size L, and the maximum single particle momentum, the cut-08 A.
As a peculiarity of working on the light cone, one can isolate all the dependence on the light-cone boz size L rather neatly, i.e. P+ = ? K and P-= -& H , thus M2 E P'P-= KH, (2.5) and work with the operators K and H which do not depend on L.
In the Fock space representation, two of the three operators are already diagonal: Q = CQbn -&dn and K = C ,(a;,,,
The Hamiltonian H is rather complicated, non-diagonal and split up according The self-induced inert& depend explicitly on the momentum cutoff A, i.e. and will be discussed to some detail in the next section.
. As for the notation, we shall label the eigenvalues of H or of KH 3. The Self-induced Inertias and the Fock Space.
The self-induced, instantaneous inertias arise from normal ordering the sea gull graphs"' . This murky birth might be an explanation why they have apparently not been noticed before. Their existence is not specific to a scalar theory nor to one space dimension; they will appear also in the three dimensional treat- One notes already at this point that logarithmic divergences pile up for on, while they cancel in Pn and 7n. To be more specific, one replaces summation by Obviously, the boson inertias diverge like In A plus negligible terms in (i)", while the divergence cancels in the fermionic inertias with terms in i surviving. Note that both the differences an -am and the fermionic inert& @ and 7 become independent of A in the limit A + 00.
The approximation (3.4) reproduces the exact numerical values, as given in Tables 1 -3 It is antisymmetric in the fermionic, and symmetric in the bosonic coordinates,
i.e. in the N occupied momentum states n;, which by convention carry a bar for the antifermion and a tilde for the boson momenta. The constant Ci ensures the
The finding of all Fock states with the same K and Q is a non-trivial combinatorial problem, which can be solved efficiently on a computer. As can be seen from Table 4 , the Fock space dimension increases rapidly with increasing K for Q fixed, but decreases with increasing charge Q for a fixed K.
The Fock space vacuum 10; 0; 6) = IO) h as no occupied light cone momentum states at all. It has charge Q = 0; momentum K = 0, and because of the latter also an invariant mass M = 0. It is the only state with these quantum numbers, and therefore is an eigenstate to the Hamiltonian H: As is well known 15' , in light cone quantization the Fock space vacuum is identical with the physical vacuum, as opposed to space-time quantization.
But so far it has not been noted that other Fock states are eigenstates of the Hamiltonian as well. In fact, we can differentiate at least two classes of them.
The first class has Fock space dimension 1, similar to the vacuum state, which we refer to as primitive states. As one sees from Table 4 , every charge sector has at least one primitive state, the one with total momentum K = Q(Q + 1)/2. This is understood easily. Imagine a Fock state with no bosons and antifermions, but with Nf fermions, occupying the lowest possible momentum states, i.e.
ll,2,..., -," Nf;O; 0). The state has a total charge Q = Nf and a total momentum K = Nf(Nf + 1)/2. It is impossible to construct any other state with the same charge and the same momentum: The Fock space dimension is 1, and the Fock state is thus an eigenstate of H.
To the second class of states we shall refer to as angel states: By definition they have no finite off-diagonal elements with any state. They have the structure 10; Ti; I").
As they do not interact, they are pure, like angels. Angels contain neither fermions nor antifermions, and therefore have charge Q = 0. As a con- The mass spectrum is reduced to the identity, Mf = 6~ and Mb = 6~3. At the lowest level of resolution, one has thus a tautology. is less than D3, and therefore one has to identify lb) = 11) in line with convention.
This choice fixes the bare mass in boson renormalization rn; = Gig -g2a2. For arbitrary K the angel renormalization is given by (4-g)
Its mass is aZways larger than %.
Fermion Renormalization.
The invariant mass of the quasi-pion state can be given only when the bare mass mF is expressed in terms of the physical masses, which shall be done next. According to Table 4 The physical fermion masses have the same form as above.
Independence of Cut-of A.One should note that the physical masses do not depend on A in the limit A + 00. The self-induced boson inert& appear in the . combination (~2 -(~1. Differences m on, as well as the fermion inertias Pn and 7n, are independent of A in this limit, as discussed above in section 3.
4.3
HARMONIC RESOLUTION K > 2.
The Fock space dimension in the charge 0 and the charge 1 sector increases rapidly with harmonic resolution. But as can be seen from Table 4 , it is still sufficiently small for K = 3 and K = 4 that we can write down the explicit matrices, as is done in Appendix B. But they are too large for the analytic evaluation of the eigenvalues or explicit renormalization in closed form. In order to be flexible, we have developed a computer code for the general case, which is described in Appendix A.
Without going any further into the details, we shall discuss now some selected numerical results, mostly with the purpose of demonstrating how the harmonic resolution K acts like a measure of complexity.
Selecting the three values K = 2,4 and 6, we present in Fig. 1 The repetition of states occurs not only for the boson cluster, but appears also for the upper, the quasi-pion cluster. Every state which appears for K = 2 appears also for K = 3 (not shown) and for K = 4 with almost the same invariant mass as manifestation of the same physical particle; every state of K = 4 reappears for K = 5 and K = 6, and so on. On the other hand, every physical particle has a threshold value of K, for which it appears first, a property which is amazingly similar to the charge, as seen from Table 4 .
Comparison with Space-Time Quantization.
The rather extensive discussion of the spectra as function of increasing harmonic resolution K allows also for the following conclusion: As long as one is interested only in the invariant mass of a certain physical particle, as function of the coupling constant, one can restrict to the case of its first appearance. Thus, the most important aspects of the quasi-pion 1 fr> are given already by the analytically soluable case of K = 2, see section 4.2. Its invariant mass as function of the coupling constant is plotted in Fig. 4 once for the the cut-off A = 2048 and once for A = 8. They were calculated from the analytical expressions as given in In addition to the practical advantages of discretized light cone quantization for obtaining bound state spectra and wavefunctions, there are also a number of conceptual advantages:
Unlike equal time formalism, a consistent Fock state representation exists at equal z+. The basis is orthonormal with positive norm components summing to unit probability.
There is a precise theory of observables in terms of light cone Fock state wavefunctions.
In particular, matrix element of currents and form factors can be directly expressed as a convolution of light-cone wavefunctions in momentum space. Structure functions for inclusive reactions and distribution amplitudes for exclusive reactions also have an immediate representation in this basis PI .
-Quantization of non-abelian gauge theory at equal z+ is reviewed in refs. (5, 6) .
By choosing the light-cone gauge A+ = 0, de pendent degrees of freedom are eliminated through the equation of motion as in paper I. In this gauge there are no ghosts or negative-metric propagating vector or scalar fields.
Unlike lattice gauge theory with the standard nearest-neighbor appproximation to the derivative of the fermion field, the discretized light cone quantization approach does not lead to doubling of the fermion states. This derivative is represented as the factor l/n in the massive part of the hamiltonian HM in momentum space.
Unlike path integral formulations, fermions and bosons are treated on an equal basis in the light cone hamiltonian formulation.
The ease of generating exact solutions to a simple field theoretic problem creates opportunities for further development and investigation:
It appears possible to treat higher particle systems ( nuclei) with reasonable numerical effort in 1 + 1 dimensions. In fact, the major part of the numerical work is taken up by the renormalisation of the masses, since the Hamiltonian has the largest dimensions in the charge 0 and the charge 1 sector.
The essential and surprising feature of the discretized light cone approach is the appearance of finite dimensional Hamiltonians.
Usually such a property is related to a discrete group and a compact Lie algebra. We have no idea to which group the present approach is isomorphous. Its discovery could be of great help in finding the most enonomic approach to 3+1 dimensions.
The ultimate goal is to obtain non-perturbative solutions in 3+1 dimensions. One needs to store only a mnemonic number representing all the quantum numbers of the state. If one stores for each state lj)F or IZ)B the partial momentum (i.e. KB), the number of occupied states (i.e. NB), the single particle momenta nl, and their occupation number ml, one has to meet the Fock space storage requirements as compiled in Tables 4 and 5 .
In u second step one calculates the diagonal element Di for each Fock state.
Provision was made for removing all states whose diagonal element exceeds a given cut-off Dcut . 'In this way one can cut down efficiently the large dimensions in matrix diagonalization problems, without losing too much accuracy. The method seems particularly suited for determination of the renormalized masses. In this paper, however, this option has not been used, since restriction was made to
In a third step, the Hamiltonian matrix K (jl H Ii) was calculated. The 
